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A generalization of duality transformations for arbitrary Lorentz tensors is presented, and a
systematic scheme for constructing the dual descriptions is developed. The method, a purely La-
grangian approach, is based on a first order parent Lagrangian, from which the dual partners are
generated. In particular, a family of theories which are dual to the massive spin two Fierz-Pauli
field hµν , both free and coupled to an external source, is constructed in terms of a T(µν)σ tensor.
PACS numbers: 11.10.-z, 11.90.+t, 02.90.+p
I. INTRODUCTION
There usually is a great deal of freedom in the choice of variables for the description of a physical system. Different
choices of variables are considered equivalent when they are able to describe the same system, and any difference is
mainly due to subjective choices. However, there might be practical reasons to prefer a given description to others.
For example, in some cases it might be desirable to have a formulation where some symmetries are made explicit in the
Lagrangian. This usually requires the use of a redundant set of variables to describe the system configurations, as in
the case of gauge theories. Conversely, in other situations it is more convenient to choose a minimal, non-redundant,
set of variables. Another interesting example of this freedom is the bosonization of fermionic systems. The actual
proof of the equivalence between different descriptions is usually a non-trivial task.
Duality, in its wider meaning, refers to two equivalent descriptions for a physical system using different fields. [1]
One of the simplest cases is the scalar-tensor duality. It corresponds to the equivalence between a free massless scalar
field ϕ, with field strength fµ = ∂µϕ, and a massless antisymmetric field Bµν , the Kalb-Ramond field, with field
strength Hµνσ = ∂µBνσ + ∂νBσµ + ∂σBµν [2–4]. Another example is in fact a predecessor of the modern approach
to duality, the electric-magnetic symmetry ( ~E + i ~B) → eiφ( ~E + i ~B) of the free Maxwell equations. When there
are charged sources this symmetry can be maintained by introducing magnetic monopoles [5]. This transformation
provides a connection between weak and strong couplings via the Dirac quantization condition. At the level of Yang-
Mills theories with spontaneous symmetry breaking this kind of duality is expected, due to the existence of topological
dyon-type solitons [6]. The extension of electromagnetic duality to SL(2, Z) is usually referred to as S-duality, and
plays an important role in the non-perturbative study of field and string theories [7].
These basic ideas have been subsequently generalized to arbitrary forms in arbitrary dimensions. Well known
dualities are the ones between massless p-form and (d−p−2)-form fields and between massive p and (d−p−1)-forms
in d dimensional space-time [8]. These dualities among free fields have been proved by using the method of parent
Lagrangians [9] as well as the canonical formalism [10]. They can be extended to include source interactions [11].
The above duality among forms can be understood as a relation between fields in different representations of
the Lorentz group. The origin of this equivalence can be traced using the little group technique for constructing
the representations of the Poincare´ group in d dimensions. A detailed discussion of this observation suggests the
possibility of generalizing the duality transformations among p-forms to tensorial fields with arbitrary Young symmetry
types. Consistent massless free [12], interacting [13], and massive [14] theories of mixed Young symmetry tensors were
constructed in the past, but the attempts to prove a dual relation between these descriptions did not lead to a positive
answer [14]. Additional interest in this type of theories arises from the recent formulation of d = 11 dimensional
supergravity as a gauge theory for the osp(32|1) superalgebra. It includes a totally antisymmetric fifth-rank Lorentz
tensor one form bµ
abcde, whose mixed symmetry piece does not have any related counterpart in the standard d = 11
supergravity theory [15].
In this paper we present a general scheme to construct dual theories based on a Lagrangian approach. The method,
sketched in a preceding article [16], has been originally motivated by the relationship between field representations
corresponding to associated Young diagrams. Here we fully develop this approach on a purely Lagrangian basis, and
apply it to the case of a massive spin-2 theory.
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Let us consider a simple example, the scalar field ϕ, in order to illustrate our general procedure for constructing
dual theories. The starting point is the corresponding second order Lagrangian
L(ϕ) =
1
2
∂µϕ∂
µϕ− 1
2
m2ϕ2 + Jϕ , (1)
where m is the mass parameter of ϕ and J is a source coupled to the field. As the first step, we construct a first
order Lagrangian, using a generalization of a procedure used in Ref. [17]. We are interested in a particular Lagrangian
structure, which we will call the standard form
L(ϕ,Lµ) = Lµ∂µϕ− 1
2
LµLµ − 1
2
m2ϕ2 + Jϕ . (2)
This standard form is defined by the kinetic term. It contains the derivative of the original field times a new auxiliary
variable, which we call, in a rather loose way, the field strength of the original theory. In this first order formulation
the original field and the auxiliary field we have just introduced define the configuration space. The equations of
motion are
m2ϕ = −∂µLµ + J, Lµ = ∂µϕ . (3)
The key recipe to construct the dual theory is to introduce a point transformation in the configuration space for
the auxiliary variable
Lµ = ǫµνστHνστ , (4)
which leads to a new first order Lagrangian
L(ϕ,Hνστ ) = Hνστ ǫ
µνστ∂µϕ+ 3HνστH
νστ − 1
2
m2ϕ2 + Jϕ . (5)
This turns out to be the parent Lagrangian from which both dual theories can be obtained. In fact, using the equation
of motion for Hνστ we obtain Hνστ (ϕ) which takes us back to our starting action (1) after it is substituted in Eq.
(5). On the other hand, we can also eliminate the field ϕ from the Lagrangian using its equation of motion
m2ϕ = −∂µǫµνστHνστ + J. (6)
In such a way we now obtain the new theory
L(Hνστ ) =
1
2
(ǫµνστ∂µHνστ )
2 + 3m2HνστH
νστ − Jǫµνστ∂µHνστ + 1
2
J2 , (7)
which is equivalent to the original one through the transformation (6). In this form we have obtained a theory dual
to (1).
For a massless theory, m = 0, we lose the connection between the original field ϕ and the new one Hνστ . In this
case Eq. (6) becomes a constraint on Hνστ
∂µǫ
µνστHνστ = J . (8)
Out of the sources, the above equation tells us that the field Hνστ can be considered as a field strength with an
associated potential.
Another paradigmatic example of dualization is the standard S-duality for electrodynamics with a θ term. In the
following we describe a method to deal with this case which, together with the previous example, will serve as a
motivation for the general scheme to be presented in the next section. Let us consider the Euclidean Lagrangian
L =
1
8π
(
4π
g2
FµνF
µν +
i θ
2π
1
2
ǫµνρσF
µνF ρσ
)
. (9)
Using the notation
τ =
θ
2π
+
4πi
g2
, τ¯ =
θ
2π
− 4πi
g2
, (10)
the standard Euclidean S-dualization recipe
2
F → F˜ , ˜˜F → +F, τ¯ → 1
τ¯
, τ → 1
τ
(11)
leads to a new Lagrangian
L˜ = − 1
8π
(
4π
g2τ¯ τ
F˜µν F˜
µν − i
τ¯ τ
θ
2π
1
2
ǫµνρσF˜
µνF˜ ρσ
)
. (12)
For the purpose of our discussion it is more convenient to write the initial Lagrangian (9) as
L =
1
8π
(
aFµνF
µν + ib
1
2
ǫµνρσF
µνF ρσ
)
, (13)
where
a =
4π
g2
, b =
θ
2π
, τ¯ τ = a2 + b2. (14)
In this notation, the Euclidean dual is
L˜ = − 1
8π
(
a
a2 + b2
F˜µν F˜
µν − ib
a2 + b2
1
2
ǫµνρσF˜
µν F˜ ρσ
)
. (15)
Now we will show how to go from Lagrangian (9) to Lagrangian (12) using the basic ideas of our approach. To begin
with, we construct a first order Lagrangian for (13), introducing the Lagrange multiplier Gµν
L(F,A,G) =
1
8π
(
aFµνF
µν + ib
1
2
ǫµνρσF
µνF ρσ
)
− 1
4π
(GµνFµν −Gµν (∂µAν − ∂νAµ)) . (16)
The Euler-Lagrange equation for Fµν
aFµν + ib
1
2
ǫµνρσF
ρσ = Gµν (17)
leads to
Fαβ =
1
(a2 + b2)
(
aGαβ − ib1
2
Gµνǫ
µναβ
)
(18)
by a purely algebraic manipulation. This allows us to eliminate this field from Lagrangian (16), obtaining
L(A,G) = − 1
8π
1
(a2 + b2)
(
aGαβ − ib1
2
ǫαβµνGµν
)
Gαβ +
1
4π
Gµν (∂µAν − ∂νAµ) (19)
which identifies Gµν as the field strength of Aµ. The above first order Lagrangian is equivalent to the second order
Lagrangian (13). This can be verified via the solution
Gαβ = a
(
∂αAβ − ∂βAα)+ ib1
2
(∂ρAσ − ∂σAρ) ǫρσαβ (20)
of the equation of motion for Gµν , together with the definition (18). The variation of Aµ in Lagrangian (19) produces
the remaining equation
∂µG
µν = 0. (21)
Now we define the dual field Hαβ
Gµν =
1
2
ǫµνρσHρσ . (22)
By substitution in Eq. (19) we obtain
L = − 1
8π
1
(a2 + b2)
(
aHκλ − ib1
2
ǫκλρσH
ρσ
)
Hκλ +
1
4π
1
2
ǫµνρσH
µν(∂ρAσ − ∂σAρ), (23)
3
which is the correspondent parent Lagrangian. The variation of this last Lagrangian with respect to Aµ produces a
Bianchi identity for Hρσ
ǫνµρσ∂µHρσ = 0, (24)
which implies
Hρσ(B) = ∂ρBσ − ∂σBρ, (25)
where Hρσ is identified as the dual field strength. Using this property in Eq. (23) leads to the second order Lagrangian
L(B) = − 1
8π
1
(a2 + b2)
(
aHκλ − ib1
2
ǫκλρσH
ρσ
)
Hκλ, (26)
the dual version of the original one. The above Lagrangian is precisely (15) with the notation Hµν = F˜µν . The
relation with the original theory appears at the level of the potentials and is given by
a
(
∂αAβ − ∂βAα)+ ib
2
(∂ρAσ − ∂σAρ) ǫρσαβ = 1
2
ǫαβρσ (∂ρBσ − ∂σBρ) . (27)
The case b = 0 reduces to standard Electrodynamics and leads to
L(A) =
a
8π
FµνF
µν , Fρσ = (∂ρAσ − ∂σAρ) , (28)
L(B) = − 1
8πa
HκλH
κλ, Hρσ = (∂ρBσ − ∂σBρ) = aF˜ρσ, (29)
together with the relation
a
(
∂αAβ − ∂βAα) = 1
2
ǫαβρσ (∂ρBσ − ∂σBρ) . (30)
This paper focuses on the construction of a dual theory for a massive spin-2 field in four dimensions. It is organized
as follows. In Section II we formulate the general scheme for dualization pursued here. Section III contains the
construction of an auxiliary first order Lagrangian which is equivalent to the usual one in terms of the standard
Fierz-Pauli field hµν for a massive spin-2 particle. The general method for constructing such an auxiliary Lagrangian
is briefly reviewed in Appendix A. An explicit proof of the equivalence between this auxiliary Lagrangian and the
massive Fierz-Pauli Lagrangian is given in Appendix B. Section IV contains the definition of the dual field T(µν)σ
together with the construction of the parent Lagrangian. In Section V the duality transformations arising from the
parent Lagrangian are derived. The dual Lagrangian, in terms of T(µν)σ, is obtained in Section VI together with the
corresponding equations of motion and the set of Lagrangian contraints. These contraints allow us to make sure that
we have obtained the correct number of degrees of freedom. Most of the calculations in this section are relegated to
Appendix C. In Section VII we discuss the example of a fixed point mass m whose field is calculated in each of the
dual theories, thus allowing the explicit verification of the duality trasformations. Finally we close with Section VIII
which contains a summary of the work together with some comments regarding preliminary work in the zero mass
limit of the present approach. A complete discussion of the massless case is deferred to a forthcoming publication.
II. THE DUALIZATION PROCEDURE
In general terms, the method applied to the previous examples can be summarized as follows, assuming that there
is no external source, for simplicity. We start from a second order theory for the free field Φ of a given tensorial
character, which can be schematically presented as
L(Φ) =
1
2
∂Φ∂Φ− M
2
2
ΦΦ . (31)
Next, we introduce an auxiliary field W to construct a first order formulation in the standard form
L(Φ,W ) = (∂Φ)W − 1
2
WW − M
2
2
ΦΦ , (32)
4
as explained in Appendix A. This identifies W as the field strength of Φ, with the equation of motion
∂W +M2Φ = 0 . (33)
Now, we introduce W˜ as the field strength dual to W via the change of variables
W = ǫ W˜ , (34)
and substitute in the first order action (32) to obtain the Lagrangian
L˜(Φ, W˜ ) = (∂Φ) ǫW˜ − 1
2
ǫW˜ ǫW˜ − M
2
2
ΦΦ . (35)
In this way we obtain the parent Lagrangian (35) which generates the pair of dual theories. In fact, the field W˜
can always be eliminated from Lagrangian (35) to recover the initial Lagrangian (31).
The Euler-Lagrange equation for Φ is
ǫ∂W˜ +M2Φ = 0 . (36)
If M 6= 0, or more generally if it is a regular matrix, Eq. (36) allows the algebraic elimination of the field Φ in
Lagrangian (35), yielding a second order Lagrangian for W˜
L˜
(
Φ ≡ − 1
M2
ǫ∂W˜ , W˜
)
∝ 1
2
ǫ∂W˜ ǫ∂W˜ − M
2
2
ǫW˜ ǫW˜ , (37)
which is the dual to the original L(Φ).
If M = 0, the parent Lagrangian reduces to
L˜(Φ, W˜ ) = (∂Φ) ǫW˜ − 1
2
ǫW˜ ǫW˜ , (38)
with the equations of motion
ǫ∂W˜ = 0 , (39)
ǫW˜ ǫ− ǫ (∂Φ) = 0 , (40)
preventing the algebraic solution for Φ. Nevertheless, Eq. (39) is a Bianchi identity for W˜ whose solution can be
written symbolically as
W˜ = ∂B . (41)
That is to say, the dual field W˜ is a field strength and can be written in terms of a new potential B. The dual
Lagrangian results from substituting Eq. (41) into Lagrangian (38) and is
L(B) =
1
2
ǫ∂Bǫ∂B , (42)
where we have explicitly used the Bianchi identity in the second term of the RHS of Eq. (38). Finally, the relation
ǫ∂Bǫ− ǫ∂Φ = 0, (43)
obtained from Eq. (40), provides the connection between the dual theories.
III. MASSIVE FIERZ-PAULI LAGRANGIAN
The Lagrangian for the massive Fierz-Pauli field is
L = −∂µhµν∂αhαν +
1
2
∂αh
µν∂αhµν + ∂µh
µν∂νh
α
α −
1
2
∂αh
µ
µ∂
αhνν
−M
2
2
(
hµνh
µν − hµµhνν
)
+ hµνΘ
µν , (44)
5
where Θµν is the source described by a symmetric tensor, not necessarily conserved in contrast to the massless case.
The kinetic part of Lagrangian (44) is just the linearized Einstein Lagrangian. The equations of motion are
∂α∂αhµν + ∂µ∂νh
α
α − gµν
(
∂β∂βh
α
α − ∂α∂βhαβ
)− (∂µ∂αhαν + ∂ν∂αhαµ)+M2 (hµν − gµνhαα) = Θµν . (45)
Taking the trace and the divergence of this equation we have
hαα = −
1
3M2
(
Θαα −
2
M2
∂α∂βΘ
αβ
)
, (46)
∂µhµν =
1
M2
(
∂µΘ
µ
ν −
1
3
∂νΘ
α
α +
2
3M2
∂ν∂α∂βΘ
αβ
)
, (47)
which show that the trace and the divergence of hµν do not propagate, vanishing outside the sources, as expected for
a pure spin-2 theory. Eq. (45) now becomes
(
∂α∂α +M
2
)
hµν = Θ˜µν , (48)
where Θ˜µν is a source dependent term that can be expressed in terms of Θµν and its derivatives.
Following the procedure sketched in Appendix A, we can construct an equivalent first order Lagrangian in the stan-
dard form. This Lagrangian is not unique, because of the freedom in the choice of the auxiliary fields. Alternatively,
we can construct a Lagrangian having the standard form with arbitrary coefficients, which are subsequently adjusted
to obtain the original Lagrangian when the auxiliary fields are eliminated. In the present case the last approach
is simpler, and we will follow it. Therefore, we start by proposing a field strength Kα{βσ} satisfying the following
symmetry properties
Kα{βσ} = Kα{σβ} , (49)
Kα{βσ} +Kβ{σα} +Kσ{αβ} = 0 . (50)
These symmetry properties greatly simplify the manipulations and, as it will become evident in the following, they
are consistent with the degrees of freedom of the spin-2 massive field. With this auxiliary field we construct the first
order Lagrangian
L = −1
6
aKα{βσ}Kα{βσ} +
1
8
qKβKβ − 2
9
rǫγδκλKκ{λσ}Kγ{δσ}
− e√
2
Kα{βσ}∂αhσβ − M
2
2
(hµνh
µν − hµµhνν) + Θµνhµν
+Λα{βσ}
(
Kα{βσ} +Kβ{σα} +Kσ{αβ}
)
, (51)
where Kα = Kα{λλ}. This Lagrangian has the most general mass term for the field Kα{βσ} with the symmetry
properties (49-50). Here Kα{βσ} is identified as the field strength of hσβ . The constraint (50) is enforced by the
Lagrange multiplier Λα{βσ} = Λα{σβ}. In Appendix B we show that the elimination of Kα{βσ} and Λα{σβ} in (51)
leads effectively to the Fierz-Pauli Lagrangian when the coefficients satisfy
4r2 = a
(
e2 − a) , (52)
3q = 2a+ e2 . (53)
In such a case both theories are equivalent and Lagrangian (51) is the first order standard Lagrangian for the Fierz-
Pauli massive field. From conditions (52-53) only two independent coefficients in Lagrangian (51) remain, one of them
being the normalization of the auxiliary field.
IV. DUAL FIELD AND PARENT LAGRANGIAN
Now that we have identified the field strength Kα{βσ} for hµν and the corresponding first order theory, we can
implement the transformation
Kα{βσ} → Ω{βσ}(µνξ), Kα{βσ} = ǫαµνξΩ
{βσ}
(µνξ) (54)
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that leads to the dual theory. Substituting this transformation in Eq. (51), we obtain the parent Lagrangian
L = aΩ
{βσ}
(µνξ)Ω
(µνξ)
{βσ} −
1
4
(
2a+ e2
)
Ω(µνξ)Ω
(µνξ) +
2
3
√
a (e2 − a)ǫµρτχΩ{λσ}(µνλ)Ω
(ρτχ){ν
σ}
− e√
2
ǫαµνξΩ
{βσ}
(µνξ)∂αhσβ −
M2
2
(hµνh
µν − hµµhνν) + Θµνhµν
+Λαβσ
(
ǫαµνξΩ
{βσ}
(µνξ) + ǫ
βµνξΩ
{σα}
(µνξ) + ǫ
σµνξΩ
{αβ}
(µνξ)
)
, (55)
where
Ω(µνξ) = gαβΩ
{αβ}
(µνξ) . (56)
The dual theory is derived by eliminating hσβ . Alternatively, by eliminating Ω
(µνξ)
{βσ} from Eq. (55) we recover the
Fierz-Pauli theory. The field Ω
(µνξ)
{βσ} satisfies the constraint
ǫαµνξΩ
{βσ}
(µνξ) + ǫ
βµνξΩ
{σα}
(µνξ) + ǫ
σµνξΩ
{αβ}
(µνξ) = 0 , (57)
as a consequence of Eq. (50). A simple way to warrant this constraint is to express Ω
{βγ}
(ρστ) in terms of a tensor
T γ(ρσ) = −T γ(σρ), as follows:
Ω
{βγ}
(ρστ) = −
1
3
√
2
(
gβτ T(ρσ)
γ + gβρT(στ)
γ + gβσT(τρ)
γ + gγτ T(ρσ)
β + gγρT(στ)
β + gγσT(τρ)
β
)
. (58)
This expression identically satisfies the constraint, and avoids the necessity of its explicit use throughout the remaining
manipulations. The duality transformation (54) now reads
Kα{βσ} = − 1√
2
(
T(µν)
σǫµναβ + T(µν)
βǫµνασ
)
(59)
with
Kα = −1
2
Kα{ββ} = −
√
2ǫµναβT(µν)β. (60)
The trace of T(µν)β does not contribute to the expression (58). Thus, we will take T(µν)β to be traceless and impose
this constraint by means of a Lagrange multiplier. The analysis in Section VI will show that this choice is indeed
compatible with the dynamics of the Fierz-Pauli field.
Using the identities
ǫµναβT(µν)σ
(
T (αβ)σ + 2T (σα)β
)
= −2
3
T ν(µν)ǫ
αβγµ
(
T(αβ)γ + T(γα)β + T(βγ)α,
)
(61)
ǫµναβT(µν)σT(αβ)
σ = −2ǫ µνβα T(µν)σT (σα)β = −4ǫ µνβα T(µσ)νT (σα)β , (62)
which follows from the antisymmetry of T (µν)σ and the null trace property T (µν)ν = 0, we rewrite the parent
Lagrangian (55) as
L =
1
3
(
2a− 1
2
e2
)
T(µν)
σT (µν)σ +
1
3
(
2a+ e2
)
T(µν)βT
(µβ)ν +
1
2
√
a (e2 − a)ǫµνκλT(µν)σT(κλ)σ
+eT(µν)
σǫµναβ∂αhσβ − M
2
2
(hµνh
µν − hµµhνν) + Θµνhµν + λβT (βα)α . (63)
The above Lagrangian is equivalent to Eq. (12) in Ref. [16] when Θµν = 0.
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V. DUALITY TRANSFORMATIONS
Varying hµν in the parent Lagrangian (63) we obtain the Euler-Lagrange equation
M2 (hα
αgµν − hµν) + Θµν − e
2
(
∂σT
µ
(αβ)ǫ
αβσν + ∂σT
ν
(αβ)ǫ
αβσµ
)
= 0 . (64)
From here we compute the trace
hα
α =
1
3M2
(
eǫαβσν∂σT(αβ)ν −Θαα
)
, (65)
which allows to solve for hµν
hµν = − e
2M2
(
ǫαβσν∂σT(αβ)
µ + ǫαβσµ∂σT(αβ)
ν
)
+
1
3M2
gµν
(
eǫαβρκ∂ρT(αβ)κ −Θαα
)
+
1
M2
Θµν , (66)
giving the first duality relation hµν = hµν(T ).
Varying T (µν)σ we derive the equation
1
3
(
4a− e2)T (µν)σ + 1
3
(
2a+ e2
) (
T (µσ)ν − T (νσ)µ
)
+
√
a (e2 − a) ǫµναβT(αβ)σ
+ eǫµναβ∂αh
σ
β +
1
2
(λµgνσ − λνgµσ) = 0 . (67)
From here, contracting with the metric and the Levi-Civita tensors we have
T (µν)ν = − 1
2a− e2
e
a
[√
a (e2 − a) (∂σhσµ − ∂µh) + 3
4
eλµ
]
, (68)
T (µν)σ + T (νσ)µ + T (σµ)ν =
1
2a− e2 ǫ
µνσλ
[
e (∂σh
σ
λ − ∂λh) +
3
2a
√
a (e2 − a)λλ
]
, (69)
aǫµνκλT
(µν)σ = 2
√
a (e2 − a) T(κλ)σ + e (∂κhσλ − ∂λhσκ) +
1
2
ǫσκλµλ
µ
−1
3
2a+ e2
2a− e2 (g
σ
κg
ρ
λ − gσλgρκ)
[
e
(
∂σh
σ
ρ − ∂ρh
)
+
3
2a
√
a (e2 − a)λρ
]
, (70)
after some algebraic manipulations. Using these relationships we solve for T (µν)σ in Eq. (67), obtaining
T (µν)σ = − 1
2e
ǫµναβ∂αh
σ
β +
1
6e
2a+ e2
2a− e2 ǫ
µνσλ (∂σh
σ
λ − ∂λh)−
1
2ae
√
a (e2 − a) (∂µhσν − ∂νhσµ)
+
1
6ae
2a+ e2
2a− e2
√
a (e2 − a) [gσµ (∂κhκν − ∂νh)− gσν (∂κhκµ − ∂µh)]
+
1
2a
1
2a− e2
√
a (e2 − a)ǫµνσλλλ − e
2
4a
1
2a− e2 (λ
µgνσ − λνgµσ) , (71)
which constitutes the second duality relation T (µν)σ = T (µν)σ(h, λ). Only the Lagrange multiplier λµ remains to
be varied, which imposes the null trace constraint on T (µν)σ. Summarizing, using only algebraic manipulations and
without any mixing between the results of different variations, the Lagrangian equations of motion are (66) and (71)
together with
T (µν)ν = 0. (72)
Eqs. (66) and (71) are those to be used in eliminating either hσµ or T (µν)σ from the parent Lagrangian, to obtain the
corresponding Lagrangians for T (µν)σ or hσµ respectively.
In fact, the degrees of freedom of hσµ are mapped into the traceless part of T (µν)σ, Tˆ (µν)σ. The relationship between
the Fierz-Pauli field and Tˆ (µν)σ can be obtained in a straightforward way as follows. The null trace condition imposes
λµ = − 4
3e
√
a (e2 − a) (∂σhσµ − ∂µh) . (73)
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Using this constraint to eliminate the Lagrange multiplier in Eq. (71) we get
Tˆ (µν)σ = − 1
2e
ǫµναβ∂αh
σ
β +
1
2e
ǫµνσλ (∂σh
σ
λ − ∂λh)−
1
2ae
√
a (e2 − a) (∂µhσν − ∂νhσµ)
+
1
6ae
√
a (e2 − a) [gσµ (∂κhκν − ∂νh)− gσν (∂κhκµ − ∂µh)] , (74)
which is the final expression for the duality transformation Tˆ (µν)σ = Tˆ (µν)σ(h).
All previous relations greatly simplify on shell. Under this circumstance the condition
(
∂κhλκ − ∂λhκκ
)
=
1
M2
∂ηΘ
ηλ (75)
for the trace and divergence of hσλ is obtained, using Eqs. (46) and (47). The remaining on shell constraints are
T(µν)
µ = 0 , (76)
∂βT(µν)
β = −
√
a (e2 − a)
3aeM2
(
∂µ∂αΘ
α
ν − ∂ν∂αΘαµ
)
, (77)
ǫλµνβT(µν)β =
2
eM2
∂µΘ
µλ , (78)
∂κT
(κλ)σ +
1
2a
√
a (e2 − a)ǫµνκλ∂κT (µν)σ = − (2a+ e
2)
6aeM2
ǫ λσνµ ∂
µ∂βΘ
νβ
+
√
a (e2 − a)
3eaM2
(−∂σ∂µΘµλ + gλσ∂β∂ηΘηβ) . (79)
Using the constraint equations for both fields the on shell duality relations become
hµν = − e
2M2
(
ǫαβσν∂σT(αβ)
µ + ǫαβσµ∂σT(αβ)
ν
)
+
1
3M2
gµν
(
2
M2
∂γ∂λΘ
γλ − Θαα
)
+
1
M2
Θµν , (80)
T(µν)β = −
1
2e
ǫασµν∂αhσβ −
√
a (e2 − a)
2ae
(∂µhνβ − ∂νhµβ)
− 1
2eM2
ǫσµνβ∂ηΘ
η
σ −
√
a (e2 − a)
6aeM2
(
gνβ ∂ηΘ
η
µ − gµβ ∂ηΘην
)
. (81)
In the particular case where a = e2 the duality transformations acquire the usual form
T(µν)β = −
1
2e
ǫασµν∂αhσβ −
1
2eM2
ǫσµνβ∂ηΘ
η
σ , (82)
involving only the Levi-Civita tensor. The constraint (79) reduces to ∂κT
(κλ)σ = 0 out of sources, which means that
the field T (κλ)σ contains purely transversal degrees of freedom. Otherwise, if a 6= e2, the degrees of freedom of hσβ
are also mapped in the longitudinal components
(
∂κT
(κσ)β + ∂κT
(κβ)σ
)
.
VI. DUAL THEORY
The substitution of hσβ(T ), given by Eq. (66), in the parent Lagrangian (63) leads to the following Lagrangian for
T(µν)σ
L =
1
3
(
2a− 1
2
e2
)
T(µν)σT
(µν)σ +
1
3
(
2a+ e2
)
T(µν)βT
(µβ)ν +
1
2
√
a (e2 − a)ǫµνκλT(µν)σT(κλ)σ
+
1
2
hσβ(T )
(−e ǫµναβ∂αT(µν)σ +Θσβ)+ λβT β . (83)
After some algebra and dropping a global −e2/(2M2) factor we obtain
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L =
4
9
F(αβγ)ν F
(αβγ)ν +
2
3
F(αβγ)ν F
(αβν)γ − F(αβµ)µ F (αβν)ν
−2M
2
3e2
[(
2a− 1
2
e2
)
T(µν)σT
(µν)σ +
(
2a+ e2
)
T(µν)σT
(µσ)ν +
3
2
√
a (e2 − a)ǫµναβT(µν)σT(αβ)σ
]
+λβT
β + T(αβ)µ J
(αβ)µ. (84)
Here we have introduced the field strength
F(αβγ)ν = ∂αT(βγ)ν + ∂βT(γα)ν + ∂γT(αβ)ν, (85)
and the source term is given as a function of the source Θµν by
J (αβ)µ =
2
e
(
1
3
ǫαβρµ∂ρΘ
α
α − ǫαβσν∂σΘνµ
)
. (86)
Note that the new source J (αβ)µ is traceless
Jα = J (αβ)β =
2
e
(
1
3
ǫαβρβ∂ρΘ
α
α − ǫαβσν∂σΘβν
)
= 0, (87)
and also satisfies
ǫκαβµJ
(αβ)µ = −4
e
∂µΘ
µ
κ, ∂αJ
(αβ)µ = 0, ∂µJ
(αβ)µ = −2
e
ǫαβσν∂σ∂
µΘµν . (88)
As stated previously T(µν)σ = − T(νµ)σ and therefore the field T(νµ)σ has 24 components. But not all of them are
true degrees of freedom, because there are cyclic variables. This becomes clear by defining
T(µν)σ = Tˆ(µν)σ −
1
3
(gµσTν − gνσTµ) (89)
where Tµ ≡ T(µβ)β, and Tˆ(µν)σ is a traceless field, Tˆ(µν)ν = 0. Next, we rewrite Lagrangian (84) in terms of Tˆ (χψ)σ
and Tµ and we further use the Euler-Lagrangian equation for Tµ to eliminate this variable from the Lagrangian. The
resulting Lagrangian contains linear and bilinear terms in λβ . Finally, using the corresponding Euler-Lagrangian
equation for λβ we can also eliminate this variable. In such a way we obtain an alternative version of the dual
Lagrangian for Tˆ(µν)σ
L =
4
9
Fˆ(αβγ)ν Fˆ
(αβγ)ν +
2
3
Fˆ(αβγ)ν Fˆ
(αβν)γ − Fˆ(αβµ)µ Fˆ (αβν)ν + Tˆ(αβ)µ J (αβ)µ
−2M
2
3e2
[(
2a− 1
2
e2
)
Tˆ(µν)σTˆ
(µν)σ +
(
2a+ e2
)
Tˆ(µν)σTˆ
(µσ)ν
+
1
2
(
e2 − a) Tˆ(µν)σ
(
Tˆ (µν)σ + Tˆ (σµ)ν + Tˆ (νσ)µ
)
+
3
2
√
a (e2 − a)ǫµναβ Tˆ(µν)σTˆ(αβ)σ
]
. (90)
This clearly shows that the degrees of freedom are in the traceless field Tˆ (µν)σ, as has already been assumed in
Section IV. When varying Lagrangian (90) it is necessary to take into account that not all the components of Tˆ (µν)σ
are independent, because of the traceless condition, and this is rather cumbersome.
Consequently, in order to study the properties of the dual field T (µν)σ it is more convenient to go back to Lagrangian
(84), because there we have to impose only the antisymmetry constraint. In this way, starting from this Lagrangian
we obtain the equations of motion
E(βγ)ν : =
2
3
∂α
[
2F (αβγ)ν +
(
F (αβν)γ + F (γαν)β + F (βγν)α
)]
− ∂ν F (βγκ)κ
−∂α
(
gγν F (αβκ)κ + g
βν F (γακ)κ
)
+
M2
e2
√
a (e2 − a)ǫβγκλT(κλ)ν
+
2M2
3e2
[(
2a− 1
2
e2
)
T (βγ)ν +
1
2
(
2a+ e2
)(
T (βν)γ − T (γν)β
)]
−1
4
(
λβgγν − λγgβν)− 1
2
J (βγ)ν = 0, (91)
T (µν)ν = 0. (92)
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In order to make explicit the Lagrangian constraints arising from Eq. (91), which determine the number of propa-
gating degrees of freedom associated to the massive field T (µν)ρ, we consider the case of zero sources. In Appendix C
we provide some details of the derivation and the results are summarized here. The constraints are
T (µα)α = 0, T
(µα)β + T (αβ)µ + T (βµ)α = 0, ∂θT
(αβ)θ = 0, (93)
0 =
(
∂βT
(βγ)ν + ∂βT
(βν)γ
)
+
√
(e2 − a)
a
1
2
(
ǫβγκλ∂βT(κλ)
ν + ǫβνκλ∂βT(κλ)
γ
)
:= S{γν}, (94)
where we observe that the antisymmetric part of ∂βT
(βγ)ν turns out to be zero, as shown in the sourceless version of
Eq. (164) of Appendix C. The count of the number of independent degrees of freedom goes as follows. The field T (µν)ρ
has 24 independent components. Eqs. (93) provide 4 + 4 + 6 = 14 constraints respectively, thus leaving 24-14=10
independent variables up to this level. Because of the symmetry Sγν = Sνγ , the remaining Eq. (94) provides only 10
relations. Nevertheless, among them we find 5 additional identities: 4 arising from ∂ν S
{γν} = 0 and 1 arising from
gγνS
{γν} = 0, leaving only 5 additional independent constraints. Thus, Eq. (94) reduces to 10 − 5 = 5 the previous
10 independent degrees of freedom, as appropriate for a massive spin-2 system.
Taking into account the constraints (93-94), the equation of motion with zero sources becomes
∂2T (βγ)ν + ∂α∂
γT (αβ)ν − ∂α∂βT (αγ)ν + M
2
2e2
√
a (e2 − a)ǫβγκλT(κλ)ν +
M2a
e2
T (βγ)ν = 0. (95)
Furthermore, from Eq. (94) we can write
∂α∂γT
(αβ)ν − ∂α∂βT (αγ)ν = −D
4a
[
∂γ
(
ǫαβκλ∂αT(κλ)
ν + ǫανκλ∂αT(κλ)
β
) − ∂β (ǫαγκλ∂αT(κλ)ν + ǫανκλ∂αT(κλ)γ)] .
(96)
The above equation and its dual imply
(
∂γ∂αT
(αν)β − ∂β∂αT (αν)γ
)
= −D
2
ae2
∂2T (βγ)ν +
D
2e2
∂2ǫβγκλT
(κλ)ν. (97)
Hence, the equation of motion (95) and its dual can be written as
a
e2
∂2T +
D
e2
∂2T ∗ +
aM2
e2
T +
DM2
e2
T ∗ = 0 , (98)
a
e2
∂2T ∗ − D
e2
∂2T +
aM2
e2
T ∗ − DM
2
e2
T = 0, (99)
where we have omitted the indices of T (βγ)ν and T ∗ means the dual of T . Finally, solving for T (βγ)ν we get
(∂2 +M
2)T (βγ)ν = 0 . (100)
The simpler case e2 = a is reminiscent of the standard duality transformations and the constraint equations simplify
to
T (µθ)θ = 0, T
(µαβ) = 0, ∂θT
(µν)θ = 0, ∂θT
(θµ)ν = 0. (101)
VII. POINT MASS SOURCE
As an illustration let us discuss a simple example: the field generated by a point mass m at rest. The equation of
motion in the massive Fierz-Pauli theory, arising from Eqs. (45), (46) and (47), is
(
∂α∂α +M
2
)
hµν = Θµν − 1
3
(
gµν +
1
M2
∂µ∂ν
)
Θαα. (102)
The corresponding source is the energy-momentum tensor of a point mass at rest and has the components
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Θ00 = 16πmδ(r), Θ0i = Θji = 0. (103)
The resulting field configuration is
h00 =
8
3
m
r
e−Mr, hij =
1
2
δijh00 − 1
2M2
∂j∂ih00, h0i = 0. (104)
The last term in hij is irrelevant when the field is coupled to a conserved source.
It is interesting to observe how the zero mass limit discontinuity (the van Dam-Veltman-Zakharov discontinuity
[18]- [19]) manifests itself here. In the limit M → 0, h00 converges to 43 of the Newtonian potential mr . Besides, the
component hij has a divergent term plus
1
2h00δij . This has to be contrasted with the massless spin-2 theory in the
Lorentz gauge, where the non-zero fields are
h˜00 =
2m
r
h˜ij = h˜00δij + ∂i∂j f(r), (105)
where the last term in h˜ij accounts for a remaining gauge freedom associated to a time independent spatial rotation.
Next we consider the corresponding theory for T(αβ)γ , in the simpler case of a = e
2. We refer the reader to Appendix
C for the notation. Here the dual source is
J (αβ)µ =
32πm
e
(
gµ0ǫ0αβρ − 1
3
ǫαβµρ
)
∂ρδ(r), (106)
J (αβµ) =
32πm
e
(
gµ0ǫ0αβρ + gα0ǫ0βµρ + gβ0ǫ0µαρ − ǫαβµρ) ∂ρδ(r). (107)
Our conventions are ǫ0123 = ǫ123 = +1. The equation of motion, arising from Eq. (172) of Appendix C, becomes
(
∂α∂
α +M2
)
T (βγ)ν =
1
4
J (βγ)ν +
1
4
J (γβν) +
1
6M2
∂α∂
αJ (γβν), (108)
with the constraints
M2T (βγν) = −1
2
J (βγν), M2∂θT
(µν)θ = 0, M2∂βT
(βγ)ν = 0. (109)
From here, the non zero components of T(αβ)γ are
T(0i)j =
2m
3e
(1 +Mr)
e−Mr
r3
ǫijkxk, (110)
T(ij)0 = −
4m
3e
(1 +Mr)
e−Mr
r3
ǫijkxk. (111)
We can now compare both theories. In terms of the massive Fierz-Pauli solution, the solution for T(µν)σ can be
written as
T(0i)j = −
1
4e
ǫijk∂kh00, (112)
T(ij)0 = +
1
2e
ǫijk∂kh00. (113)
It is straightforward to verify that both solutions, hµν and T(αβ)γ , are in fact related by the duality transformations.
Out of the source the on-shell duality relations are
hαβ = − e
2M2
(
ǫγδρα∂
ρT
(γδ)
β + ǫγδρβ∂
ρT (γδ)α
)
, (114)
T(αβ)γ = −
1
2e
ǫρδαβ∂ρhδγ . (115)
From Eq. (115) and Eqs. (110-111) we obtain Eqs. (112) and (113). Conversely, applying Eq. (114) to the expressions
(112) and (113) we recover (110) and (111). It is interesting to observe that the term that diverges in the zero mass
limit in (104) does not contribute to T(αβ)γ , which remains non divergent in this limit. Thus the description in terms
of T(αβ)γ seems more suitable for studying the massless limit.
The analysis of how the massless limit and the van Dam-Veltman-Zakharov discontinuity appears in the dual theory
requires the discussion of duality in the case of M = 0. We postpone the discussion of this interesting point to a
forthcoming paper.
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VIII. SUMMARY AND FINAL REMARKS
In this article we have shown that a generalization of duality transformations applicable to arbitrary Lorentz tensors
is possible, and we have developed a scheme to construct such dual descriptions. The main idea of this scheme is
the use of a first order parent Lagrangian from which either the original theory or the dual one can be obtained, by
means of permissible substitutions arising from the algebraic solutions of the corresponding equations of motion. This
procedure guarantees the equivalence of both theories and thus provides an adequate dualization for arbitrary spin,
either in the free or in the coupled to an external source case, in contrast with previous proposals [14]. In such a way
one is able to construct new non trivial and more general actions to describe a given physical system, which might
show some advantages over the standard ones.
Given a Lagrangian to be dualized, we first construct an equivalent auxiliary first order Lagrangian written in
standard form, which can always be done by using the method of Lagrange multipliers in the manner described in
Refs. [17] and [20]. This first order Lagrangian is not unique and provides the identification of what we have called
the field strength of the original field. Dualization occurs at this level, through the introduction of the dual tensor
defined by the contraction of the Levi-Civita tensor with the field strength. Different possibilities might arise at this
level which will produce alternative dual theories.
Substitution of the field strength in terms of the dual tensor in the auxiliary first order Lagrangian produces the
parent Lagrangian, which is a functional of the original field configuration together with the new dual field. On the
one hand, the elimination of the dual field from this Lagrangian, via its equations of motion, always takes us back to
the original second order theory. On the other hand, the elimination of the original field from the parent Lagrangian
defines the dual theory.
This dual tensor plays different roles in the massive and the massless cases, because the duality transformation is
singular in the limit M → 0. The mapping between dual theories is also very different according to these cases. For
M 6= 0 the dual tensor turns out to be the basic configuration variables of the dual theory and its definition in terms
of the original field strength provides the relation among the resultant theories. Here the dual field is interpreted as
a potential. For M = 0 the equation of motion of the dual field becomes a constraint (a Bianchi identity) on the dual
variable, which implies that it can be written in terms of a potential. Hence the dual field can be interpreted as a
new field strength. The connection between both theories is now given by a relation between the original and dual
potentials which usually involves derivatives. Summarizing, for massive theories duality relates field strengths and
potentials, while for massless theories it relates the corresponding potentials.
We have applied this scheme to the massive spin-2 field coupled to external sources, obtaining a family of dual
theories. The starting point is the symmetric massive Fierz-Pauli field hµν with its standard Lagrangian. The
corresponding first order auxiliary Lagrangian, which has two independent parameters, is written in terms of hµν
plus the field strength Kα{βγ}. The latter satisfies additional symmetry properties. We have explicitly shown that
the elimination of the auxiliary field leads to the original massive Fierz-Pauli Lagrangian. At this stage there is
some freedom in the election of the dual field Ω and we have chosen the relation Kα{βγ} = ǫαµνρ Ω{βγ}(µνρ). In order to
partially fulfill the induced symmetry properties of Ω
{βγ}
(µνρ) we have introduced the auxiliary tensor T
(αβ)γ which is
required only to be antisymmetric in the first two indices, and which serves as the basic dual field in the sequel. This
field is reminiscent of what is called the Fierz tensor in Ref. [21]. Our approach for the massive case is different from
the latter reference because we take T (αβ)γ as the basic variable for the massive situation. The Lagrangian for this
field is subsequently constructed by eliminating hµν from the parent Lagrangian. By construction this dual theory is
equivalent to the initial Fierz-Pauli description, and the connection between both is established. The correct number
of degrees of freedom in the dual theory is verified by identifying the Lagrange constraints arising from the equations
of motion.
Finally, we have discussed the case of the massive field generated by a point mass m at rest, which is described using
both the original and the dual theory. This simple example suggests that the description in terms of T (αβ)γ behaves
continuously in the limit M → 0, in contrast with that in terms of hµν . The latter theory develops a singularity in
the M → 0 case , while the components of the dual field remain finite.
We postpone for a separate publication a detailed discussion of the M = 0 case. This situation is directly related
to the problem of dualizing linearized gravity, which has been the subject of recent investigations [22], [23], [24]. Our
preliminary work on this subject shows some interesting features: (i) the zero mass limit of the dual Lagrangian for
T (αβ)γ, given in Eq. (84), has no arbitrary parameters so that one would expect it to be completely determined by a
set of gauge symmetries to be determined. (ii) the Dirac analysis of the constraints leads to the count of two degrees
of freedom per space point, in contrast with the results in Ref. [14]. The analysis of the gauge structure that arises in
the approach pursued here should be of some interest, together with the discussion of the Van Dam-Veltman-Zakharov
discontinuity in the dual theory.
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APPENDIX A: FIRST ORDER LAGRANGIAN IN THE STANDARD FORM
Here we show how to construct a first order Lagrangian equivalent to a given second order Lagrangian using the
method of Lagrange multipliers. This approach has been presented in the framework of classical mechanics for regular
systems in Ref. [17], to construct a Hamiltonian formalism without the use of a Legendre transformation. Ref. [20]
deals with its application to singular systems. To give a general idea of the method, we simply sketch it for the case
of regular field theories. Consider a given regular Lagrangian
L = L (ψa, ψa,µ) . (116)
Let us assume that we want to introduce a set of new functions faµ = f
a
µ(ψ
b
,µ), and treat them as new independent
fields. To do this it must be possible to solve ψa,µ in terms of f
a
µ ,.i.e.
∣∣∣ ∂faµ∂ψb,ν
∣∣∣ 6= 0. Under such a condition, we can
write a new Lagrangian of the form
L = L
(
ψa, faµ
)
, (117)
and impose the constraints faµ − faµ(ψb,µ) = 0. This can be done in a consistent way by introducing a set of Lagrange
multipliers λµa
L˜ = L
(
ψa, faµ
)
+ λµa
(
faµ(ψ
b
,µ)− faµ
)
. (118)
The new formulation is clearly equivalent to the original one. The auxiliary functions faµ exclusively appear as
algebraic variables, without derivatives. Therefore, they can be eliminated by using their equations of motion
∂L˜
∂faµ
=
∂L
∂faµ
− λµa = 0. (119)
The solution of this equation is a set of functions faµ = f
a
µ(ψ
a, λµa), and the resulting Lagrangian has the form
L˜ = λµaf
a
µ(ψ
b
,µ)− λµafaµ(ψa, λµa) + L
(
ψa, faµ(ψ
a, λµa)
)
. (120)
The first term of the above Lagrangian shows that λµa define the field strength of ψ
b. Their relationship with the
configuration variables is given by their equation of motion in the first order theory
faµ(ψ
b
,µ)− faµ(ψa, λµa)− λνb
∂f bν
∂λµa
+
∂L
∂λµa
= 0. (121)
This definition of the field strength is not unique, because it depends on the choice of the functions faµ(ψ
b
,µ).
APPENDIX B: EQUIVALENCE BETWEEN SECOND ORDER AND FIRST ORDER LAGRANGIANS
In this Appendix we show that Lagrangian (51), where the coupling constants satisfy Eqs. (52) and (53), is a first
order Lagrangian for the massive Fierz-Pauli theory (44). From Lagrangian (51) we obtain the equations of motion
for Kα{βσ} and Λα{βσ}
−1
3
aKα{βσ} +
1
4
q gβσKα − 2
9
r
(
ǫγδαβKγ{δσ} + ǫ
γδ
ασKγ{δβ}
)
− e√
2
∂αhβσ +Φαβσ = 0 , (122)
Kα{βσ} +Kβ{σα} +Kσ{αβ} = 0 , (123)
where
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Φαβσ = Λα{βσ} + Λβ{σα} + Λσ{αβ} , (124)
is a completely symmetric tensor. Eq. (123) leads to a constraint between the two possible contractions of the indices
of Kα{βσ}
Kα + 2K
β{βα} = 0 . (125)
First, we solve the field strength Kα{βγ} in terms of the potential field hσβ . We take the two possible traces in Eq.
(122), thus obtaining
1
3
(3q − a)Kα − e√
2
∂αhβ
β +Φαβ
β = 0 , (126)
1
12
(3q + 2a)Kα − e√
2
∂βhβα +Φαβ
β = 0 , (127)
where we have used Eq. (125). Therefore
Kα =
2
√
2e
(2a− 3q)
(
∂βhβα − ∂αhββ
)
. (128)
Performing a cyclic permutation of the indices in Eq. (122) and adding the results we get
Φαβσ =
e
3
√
2
(∂αhβσ + ∂βhσα + ∂σhαβ)− q
12
(gσβKα + gβαKσ + gασKβ) . (129)
The contraction of Eq. (122) with ǫαβµν gives
− 1
3
aǫγδµν Kγ{δσ} +
1
4
q ǫασµνKα +
2
3
r
(
Kµ{νσ} −Kν{µσ}
)
+
1
3
r (gµσKν − gνσKµ)− e√
2
ǫγδµν∂γhδσ = 0 . (130)
Combining this last equation with Eq. (122) to eliminate terms proportional to ǫγδµν Kγ{δσ} we obtain the following
expression for Kα{βσ} in terms of hαβ
Kα{βσ} = −
√
2
e
[
APα{βσ} +BQα{βσ} + C Rα{βσ}
]
, (131)
where
Pα{βσ} = gασ (∂γhγβ − ∂βhγγ) + gαβ (∂γhγσ − ∂σhγγ)− 2gβσ (∂γhγα − ∂αhγγ) , (132)
Qα{βσ} = ∂βhσα + ∂σhαβ − 2 ∂αhβσ , (133)
Rα{βσ} = ǫ
γδ
αβ∂γhδσ + ǫ
γδ
ασ∂γhδβ , (134)
together with the coefficients
A = e2
(
2
3
r2 +
1
4
aq
)(
a− 3
2
q
)−1 (
a2 + 4r2
)−1
, (135)
B = −1
2
ae2
(
a2 + 4r2
)−1
, (136)
C = −re2 (a2 + 4r2)−1 . (137)
All three tensors appearing on the right hand side of Eq. (131) have a vanishing cyclic sum. The Lagrangian
in terms of hαβ can be obtained by replacing expression (131) in the first order Lagrangian (51), or more simply,
noting that the contribution from the mass terms for Kα{βσ} is (−1/2) of the contribution from the interaction term
− e√
2
Kα{βσ}∂αhβσ. Half of this last contribution gives the kinetic terms of the hαβ Lagrangian. The interaction term
gives
(2A+ 2B) ∂µh
µν∂αhν
α + (−2B)∂αhµν∂αhµν + (−4A) ∂µhµν∂νhαα + (2A)∂αhµµ∂αhνν , (138)
after substituting Eq. (131). Let us observe that the term proportional to C gives no contribution. Comparing this
expression with the kinetic part of the original Lagrangian (44) we obtain A = (−1/2), B = (−1/2). From here the
relations (52) and (53) follow.
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APPENDIX C: LAGRANGIAN CONSTRAINTS FOR THE PROPAGATING FIELD T (µν)ρ
We start from Eqs.(91) and (92). The zero trace condition implies
F (αβθ)θ = ∂θT
(αβ)θ. (139)
We will also use the property
ǫαβγδF
(βγδ)ψ = 3ǫαβγδ∂
βT (γδ)ψ, (140)
together with the notation
T (µνρ) = T (µν)ρ + T (νρ)µ + T (ρµ)ν , (141)
and
D =
√
a (e2 − a). (142)
Useful relations to determine the Lagrangian constraints are obtained according to the following manipulations.
• gγνE(βγ)ν = 0 implies
λβ =
4DM2
3e2
ǫβσκτT(κτ)σ. (143)
• ∂βE(βγ)ν = 0 leads to
DM2 ǫβγκλ∂βT(κλ)
ν − e
2
4
(
gγν∂βλ
β − ∂νλγ)
+
2
3
M2 ∂β
[(
2a− 1
2
e2
)
T (βγ)ν +
1
2
(
2a+ e2
) (
T (βν)γ − T (γν)β
)]
= 0. (144)
This expression can be decomposed in the symmetric and antisymmetric part
M2∂β
(
T (βγ)ν + T (βν)γ
)
= −DM
2
2a
(
ǫβγκλ∂βT(κλ)
ν + ǫβνκλ∂βT(κλ)
γ
)
,
+
e2
4a
(
gγν∂βλ
β − 1
2
(∂νλγ + ∂γλν)
)
(145)
M2
(
a− e2) ∂β
(
T (βγ)ν − T (βν)γ
)
= −3DM
2
2
(
ǫβγκλ∂βT(κλ)
ν − ǫβνκλ∂βT(κλ)γ
)
+M2∂β
(
2a+ e2
)
T (γν)β +
3e2
8
(∂γλν − ∂νλγ) . (146)
Applying ∂ν to Eq. (144) we have
4M2
[
Dǫβγκλ∂ν∂βT(κλ)
ν + 2a∂ν∂βT
(βγ)ν
]
= e2 ∂ν (∂
γλν − ∂νλγ) . (147)
• From ǫβγνψE(βγ)ν = 0 we obtain
2 ǫβγνψ∂αF
(βγν)α − 6M2ǫβγνψT (βγ)ν − 3 ǫβγνψJ (βγ)ν = 0. (148)
Contracting the above equation with ǫρστψ leads to
∂αF
(βγν)α −M2T (βγν) = 1
2
J (βγν). (149)
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• ∂γE(βν)γ = 0 implies
(∂νλµ − ∂µλν) = 4DM
2
e2
ǫµνκλ∂θT(κλ)
θ +
8aM2
e2
∂θT
(µν)θ
+
8D2M2
3ae2
∂θT
(θµν). (150)
This equation contains ∂θT
(µν)θ and its dual 12ǫαβµν∂θT
(µν)θ. We now show that this relation leads to a solution
of the combination
Λθβ = (∂θλβ − ∂βλθ) . (151)
Taking into account that the constraint (143) gives for ∗Λµν = 12ǫ
µνθβ (∂θλβ − ∂βλθ) the expression
∗Λθβ =
8DM2
3e2
∂θT
(θµν), (152)
we can rewrite Eq.(150) in terms of Λµν and its dual as
Λµν +
D
a
(∗Λµν) = −4DM
2
e2
ǫµνκλ∂θT
θ
(κλ) −
8aM2
e2
∂θT
(µν)θ. (153)
The dual of the above equation together with the property ∗(∗Λ) = −Λ produce a second independent equation
(∗Λµν)− D
a
Λµν =
8DM2
e2
∂θT
(µν)θ − 4aM
2
e2
ǫµναβ∂θT
(αβ)θ. (154)
Solving the system we are left with
Λµν = −8M
2a
e2
∂θT
(µν)θ, (155)
∗Λµν = −4M
2a
e2
ǫµναβ∂θT
(αβ)θ. (156)
These expressions are consistent with the duality relationship.
Eq. (155) directly gives
M2∂θT
(µν)θ = − e
2
8a
Λµν . (157)
Taking now the divergence of Eq. (156) we obtain
∂µ (∂
µλν − ∂νλµ) = −8aM
2
e2
∂µ∂θT
(µν)θ. (158)
The comparison of the above relation with Eq. (147) gives
4M2ǫβνκλ∂σ∂βT(κλ)
σ = 0. (159)
Contracting the free index of this last equation with a Levi-Civita tensor we obtain
4M2∂θF(αβκ)θ = 0, (160)
which together with Eq. (149) implies
M2T (βγν) = −1
2
J (βγν). (161)
Taking the divergence of this equation respect to one of the antisymmetric indices we get
M2∂β
(
T (βγ)ν − T (βν)γ
)
= −M2∂βT (γν)β − 1
2
∂βJ
(γν)β. (162)
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Using Eq. (161) in Eq. (143) we obtain a relationship between the Lagrange multiplier λσ and the source:
λβ = − 2D
9e2
ǫβκτσJ(κτσ). (163)
Finally, Eqs. (162) and (157) imply
M2∂β
(
T (βγ)ν − T (βν)γ
)
=
e2
8a
Λγν − 1
2
∂αJ
(γν)α. (164)
From the above results the following independent Lagrangian constraints arise:
λσ = − 2D
9e2
ǫσβγν J
(βγν), (165)
M2T (βγν) = −1
2
J (βγν), (166)
M2∂θT
(µν)θ = − e
2
8a
Λµν , (167)
M2∂βT
(βγ)ν =
1
16a
[
e2Λγν − 4a∂αJ (γν)α
]
+
e2
8a
[
gγν∂ρλ
ρ − 1
2
(∂νλγ + ∂γλν)− 2DM
2
e2
∂β
(
ǫβγκλT(κλ)
ν + ǫβνκλT(κλ)
γ
)]
, (168)
and the equation of motion is
2∂α∂
αT (βγ)ν +
D
2a
∂σ
[
∂β
(
ǫσγκλT(κλ)
ν + ǫσνκλT(κλ)
γ
)− ∂γ(ǫσβκλT(κλ)ν + ǫσνκλT(κλ)β)]
+
M2
e2
√
a (e2 − a)ǫβγκλT(κλ)ν +
2aM2
e2
T (βγ)ν =
1
2
J (βγ)ν +
2a+ e2
6e2
J (γβν)
+
1
6M2
(
2∂α∂
αJ (γβν) + 2∂ν∂αJ
(βγ)α + ∂β∂αJ
(νγ)α + ∂γ∂αJ
(βν)α
)
+
1
4
(
gγνλβ − gβνλγ)+ e2
4M2a
∂β
(
gγν∂ρλ
ρ − 1
2
∂νλγ
)
− e
2
4M2a
(
gβν∂γ − gγν∂β) ∂ρλρ
− e
2
24aM2
(
8∂νΛβγ + ∂βΛνγ + ∂γΛβν
)− e2
8aM2
∂α
(
gγνΛαβ + gβνΛγα
)
. (169)
In the case a = e2, we have
λβ = 0, M2T (βγν) = −1
2
J (βγν), (170)
M2∂θT
(µν)θ = 0, M2∂βT
(βγ)ν = −1
4
∂αJ
(γν)α, (171)
(
∂α∂
α +M2
)
T (βγ)ν =
1
4
J (βγ)ν +
1
4
J (γβν)
+
1
12M2
(
2∂α∂
αJ (γβν) + 2∂ν∂αJ
(βγ)α + ∂β∂αJ
(νγ)α + ∂γ∂αJ
(βν)α
)
. (172)
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